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Summary
1. Trends and fluctuations in populations are determined by complex interactions
between extrinsic forcing and intrinsic dynamics. As an example, the dynamics of many
marine fish are characterized by age-structured dynamics forced by stochastic recruitment.
2. In this study we develop stochastic age-structured models for two case studies, the
Atlantic bluefin tuna and the Atlantic cod. The former exemplifies intracohort interactions and density-dependent reproduction, the latter exemplifies density-dependent
survival and intercohort interactions.
3. We use transfer functions and delay-coordinate models to study how the combination
of age-structured interactions and stochastic recruitment can induce low-frequency
variability. ‘Cohort resonance’, as we dub this effect, can induce apparent trends in
abundance and may be common in age-structured populations.
4. Our study complements the theory of structured populations that focuses on cycles
and chaos (high-frequency dynamics).
5. The innate low-frequency fluctuations we describe can potentially mimic or cloak
critical variation in abundance linked to environmental change, over-exploitation or
other types of anthropogenic forcing.
6. From a management and conservation viewpoint, it will be important to find ways
to separate anthropogenic forcing from cohort resonant effects and/or to understand
the way they interact.
Key-words: environmental stochasticity, fish populations, stochastic age-structured
dynamics, stock-recruitment, transfer functions, trends.
Journal of Animal Ecology (2004) 73, 1157–1167

Introduction
Trends and fluctuations in populations are determined
by complex interactions between extrinsic forcing and
intrinsic dynamics. For example, the dynamics of many
marine fish are characterized by age-structured interactions and stochastic reproduction (Hjort 1926; Ricker
1954; Wooster & Bailey 1989). Age-structured interactions, such as asymmetric competition and/or cannibalism between sympatric cohorts, may be related to
food and habitat limitations and predation risks
(Wootton 1990). Depending on the species and the life
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cycle, the interactions among individuals lead to varying patterns of density-dependent population growth.
Whenever competition induces enhanced mortality,
regulation will be through density-dependent survival.
In contrast, when competition leads to reduced growth,
regulation will be through density-dependent reproduction as spawning is tightly linked to biomass (Wootton
1990).
A second axis to regulation in fish relates to the level
of interactions between individuals of different ageclasses and cohorts. In some species different age-classes
have separate habitat preference and form separate
shoals, in which case regulation is mainly through
intracohort interactions. In other species habitat preferences overlap, in which case regulation is partly
through interactions between cohorts. Such interactions
are often asymmetric because of the heterogeneous
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sizes of the interacting individuals. In species with
iteroparous reproduction, there is invariably one additional ‘intercohort interaction’: the multiple age-classes
that comprise the spawning stock all contribute to the
size of the young-of-the-year (the so-called ‘zero group’).
A high level of stochasticity in recruitment appear to
be ubiquitous in species with planktonic egg and larval
stages (Eckert 2003), as the pelagic stage is affected
by a suite of climatic and environmental factors. For
instance, wind and oceanic currents may carry planktonic eggs and larvae to hostile offshore areas and phytoand zooplankton availability may vary greatly among
locations and between years to provide extremely
variable resources (e.g. Cushing 1995).
We previously proposed a model incorporating
age-structure, density-dependence and stochastic recruitment to account for the variability in populations
of Norwegian coastal cod ( Bjørnstad et al. 1999a). Simulations revealed that while the deterministic version of
the model predicts either stability or variation at the
few-generation scale (such as cyclic and chaotic oscillation), a more realistic stochastic model exhibits apparent
trends in abundance that were overlaid on the ‘deterministic variability’ − even in the absence of directional
changes in the environment. Preliminary analyses of
the model led to the conjecture that the trends were
caused by age-structured interactions ‘echoing’ the
stochastic recruitment. This speculation is the focus of the
current study. In what follows, we will refer to apparent
or real trends as low-frequency variation and cyclic/
chaotic oscillation as high-frequency variation (e.g.
Cohen 1995).
Existing theory of population growth reveals many,
often non-intuitive, effects of stochasticity. For instance,
in the case of age-structured dynamics, describable by
linear projection matrices, environmental stochasticity
invariably results in lowered long-term growth rates
(e.g. Tuljapurkar 1990; Caswell 2000). Even in static
environments, demographic stochasticity can induce
Allee effects (inverse density-dependence at low densities; Lande 1998). In the absence of stochasticity,
non-linear interactions among age-, stage- or size-classes
can lead to sustained high-frequency fluctuations in
abundance (e.g. Oster & Takahashi 1974; Gurney &
Nisbet 1980; Gurney, Nisbet & Lawton 1983; Nisbet &
Onyiah 1994; Mertz & Myers 1996). Cannibalism can
generate oscillations in which the survival alternates
from high to low to high between consecutive cohorts
to induce cyclic or complex dynamics (e.g. Diekmann
et al. 1986; Hastings & Costantino 1991; Costantino
et al. 1995). The effects of stochasticity on such nonlinear dynamics are currently receiving increasing
attention.
The current study seeks to complement previous
work − by using transfer functions (e.g. Nisbet & Gurney
1982) and delay-coordinate models (e.g. Bjørnstad et al.
2001) – and discuss how the interplay of age-structured
interactions and stochastic forcing determine population fluctuations over both long and short time-scales.

Our main locus is on low-frequency variability that
would be interpreted as a trend in abundance in all but
the longest data sets. Trends and low-frequency variability are of obvious importance in management and
conservation, because trends are often associated
with environmental change (e.g. regime shifts), overexploitation or other types of anthropogenic forcing. The
variability that results from stochastic age-structured
dynamics may wrongly encourage interventions in the
face of natural low-frequency variability.
We show that − depending on the interactions within
and among age classes − a population subjected to random environmental forcing on recruitment may exhibit
low-frequency variability. In so doing, we provide a full
analytical treatment of the conjecture by Bjørnstad
et al. 1999a) that was dubbed the ‘cohort resonance
effect’ in Bjørnstad & Grenfell (2001).
We analyse various life cycles that give rise to analogous effects and suggest that cohort resonant effects
may be of general interest for age-structured populations. We place our results in the context of two case
studies for which there exist exceptionally long time
series: (1) the Atlantic bluefin tuna (Thunnus thynnus
L.), which is regulated primarily by density-dependent
reproduction, and (2) the Norwegian Skagerrak
populations of Atlantic cod (Gadus morhua L.), which
is regulated by density-dependent survival.

Focal species
Before embarking on the theoretical explorations, we
outline the natural histories that motivate our models.
A majority of marine fish are iteroparous and females
produce many small eggs that develop, hatch and grow
without parental care. The hatched fish larvae are typically pelagic, provisioned with a yolk sac, and have
a relatively undeveloped body form (Wootton 1990). The
time immediately following yolk resorption is known
as the ‘critical period’ during which mortality is extremely
variable from year to year because of environmental
fluctuations in the pelagic ecosystem (e.g. Cushing 1990).
After a period of growth, the larvae metamorphose
into juvenile fish (adult-like but immature). Benthic
(‘ground-dwelling’) and demersal (dwelling near the
sea floor) juvenile fish eventually settle on or near the
bottom, whereas pelagic ones stay in the water column.
Depending on the species, the juvenile period extends
from a few months to several years.
To understand the dynamics that may result from
environmental stochasticity in recruitment we focus on
two case studies, the East-Atlantic bluefin tuna and the
Norwegian Skagerrak cod. These species are of interest
because they display contrasting life histories, and we
have exceptionally long time series of abundance data
for both (Fig. 1). Intriguingly, the historical dynamics
of both species are dominated by low-frequency variability that are only partially explained by human
exploitation or climatic changes (Fromentin et al. 1998;
Ravier & Fromentin 2001).
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Fig. 1. Time series and power spectra of bluefin tuna (a, b) from traps in Sicily (Ravier & Fromentin 2001) and coastal cod (c, d)
from the Skagerrak (Fromentin et al. 1997; Bjørnstad et al. 1999b). The power spcctra were estimated using logspline spectra
(Kooperberg, Stone & Truong 1995) applied to the Lomb periodogram for incomplete time series (Lomb 1976).
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Bluefin tuna is a large, pelagic and highly migratory
fish, with migration between its spawning sites (restricted
to a few spots in the Western Mediterranean Sea) and
its feeding grounds (covering the North Atlantic).
Some juveniles stay in the Mediterranean Sea, while
others migrate into the North Atlantic (Mather, Mason &
Jones 1995). Most members of a juvenile shoal come
from the same age-class. East-Atlantic bluefin tuna
mature after about 4 years, can live for at least 20 years,
and can reach a substantial size (> 3 m long and 500 kg;
Fromentin & Fonteneau 2001). Density-dependent
mortality has not been documented in tuna species.
However, reproduction is highly size-dependent, so
density-dependent growth will translate into densitydependent fecundity.
Atlantic cod, in contrast, is demersal with lifehistory traits that vary between local populations. The
populations of the Norwegian Skagerrak coast are
non-migratory and spawn in March. The pelagic larval
phase is about 5 months and the young-of-the-year settle to a demersal life style during the summer and grow
for around 2 years before maturing. The two juvenile
age-classes (the young-of-the-year and the 1-year-old)
have similar habitat preferences and are sympatric
(Stenseth et al. 1999). As a consequence there is competition for habitat and food among individuals in the
same cohort and density-dependent cannibalism by
individuals of the older cohort (e.g. Bjørnstad et al.
1999b; Fromentin et al. 2001). Two- and 3-year-olds
constitute about 75% of the spawning stock biomass in
these coastal populations and life span rarely exceeds
6 years. This is short compared to other cod stocks
(Stenseth et al. 1999). The Skagerrak cod is thus characterized by density-dependent survival and interactions between cohorts.

Transfer functions for age-structured dynamics
  
The interplay of stochastic forcing and age-structured
interactions shapes the dynamics of each cohort as well
as the dynamics of groups of cohorts. Many aspects of
the dynamics can be understood with the aid of transfer functions (Priestley 1981; Nisbet & Gurney 1982)
that relate fluctuations in the ‘output’ − for example,
the number of individuals in the reproductive stock −
to the stochastic ‘input’, represented by variable
per capita reproduction rates (see Horwood 1983;
Ripa, Lundberg & Kaitala 1998, for related ecological
applications).
Consider an annually reproducing species with agestructure and stochastic per capita reproductive rates.
Let N0,t , … , Nd, t denote the abundances of the young of
the year and the subsequent d age classes. The growth
of cohorts older than the young-of-the-year is generally
given by the relation:
Nj+1,t = Nj,t−1λj (N0,t−1, … , Nd,t−1),

j = 0, 1 … , d eqn 1

where λj is the (possibly density-dependent) survival
of age-class, j. Recruitment into the 0th age-class is
through reproduction by the stock (the sum across
adult age-classes, St = Nm,t + Nm+1,t + … + Nd ,t where
m is the age at maturity). Recruitment may be densitydependent and is also influenced by a multiplicative
stochastic forcing function denoted by ζt. With these
assumptions, the dynamics of the young-of-the-year
(age < 12 months) can be written in the form:
N0,t = ζt St F (St ),

eqn 2
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where F() is the (possibly density-dependent) fecundity
function. We note that while it may seem mathematically extraneous to have a ‘half time step’ equation −
the annual time subscripts are the same on the left-hand
side and right-hand side of eqn 2 − we employ this as a
biologically motivated intermediate step, because many
key density-dependent and density-independent interactions occur during the transitions from the metamorphosis from the egg and larval phases. In the
age-structured calculations that follow, we retain order
by back-substituting for the right-hand side of eqn 2
before analysis.
To analyse the stochastic dynamics we first assume
that the density-dependence in recruitment (eqn 2)
and / or survival (eqn 1) leads to an equilibrium state
that is locally stable. We then linearize the equations
about this equilibrium, and use the linearized equations to study the response to forcing (Appendix A).
Nisbet & Gurney (1982) discuss in detail the strengths
and limitations of this approach, drawing heavily on
the study by Nisbet, Gurney & Pettipher (1977). The
take-home message is that for many models with
a single, locally stable, equilibrium, linearized analysis
provides a remarkably good characterization of even
quite large population fluctuations. The approach is
much less robust for systems with multiple equilibria,
and is of course inapplicable to systems with chaotic
dynamics. The power of analyses based on linearized
dynamics has also been exploited to understand community dynamics (e.g. Ripa et al. 1998; Ives, Gross &
Klug 1999; Ripa & Ives 2003), while some limitations
of the approach for systems near the edge of chaos were
discussed by Pascual & Mazzega (2003).
In what follows, it is convenient to work with the
sequence of vectors of log-transformed abundances,
{log Nt , t = 1, 2, …}. The linearization around the equilibrium log-abundance of each cohort, {log N*} will
then take the form
xt = Jxt−1 + Aαt
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eqn 3

where xt = log Nt – log N* is the vector of deviations
of log-abundance from equilibrium, J is the Jacobian
‘stability’ matrix for the system, A is the vector that
describes the influence of the stochastic forcing on the
growth of each state variable, and αt is the deviations of
log ζt from its expectation (see Appendix A for details).
Transfer functions specify how the interactions in
the life cycle amplify or attenuate stochastic forcing
at different frequencies, f (Nisbet & Gurney 1982).
Fluctuations with a frequency of 0·5 or 0·25 represents
a 2-year and 4-year cycle, respectively. Fluctuations
with very low frequencies would be indistinguishable
from trends in all but the longest time series, thus
representing ‘apparent trends’. The power spectrum
(sometimes called spectral density or simply spectrum),
hj ( f ), of the fluctuations in age class j is related to the
power spectrum, Γ( f), of the stochastic forcing function
by the relationship

h j ( f ) = | Tj ( f ) | 2 Γ ( f )

eqn 4

where the transfer function, T( f ) is given by (Appendix
B):
T( f ) = (I − e−2πι f J ) −1A,

eqn 5

where I is the identity matrix, and ι is the complex
constant.
Several details in this relation were laid bare in
Nisbet & Gurney (1982: chs 2–4). In addition, the transfer function has a particularly useful interpretation
when moving from the state-space model (i.e. eqns 1–2)
to its delay-coordinate equivalent that is a powerful
tool in ecological time series analysis (Royama 1992;
Bjørnstad, Falck & Stenseth 1995). The latter describes
the dynamics of any one of the state variables (e.g.
the stock) in terms of patterns of ‘statistical density
dependence’ (Royama 1992) and the historical values
of that particular variable at times t − 1, t −2, … , t – d
(e.g. Royama 1992; Bjørnstad et al. 2001). For the present
models, the delay-coordinate representation shows
how the age-structured interactions induce delays in
population regulation (see Bjørnstad et al. 1999a). In
particular, the delay-coordinate model:
xt = c + a1xt−1 + a2 xt−2 + K + ad xt−d
144444244444
3
autoregression

eqn 6

+ ε t + b1ε t−1 + K + bq ε t−q ,
14442444
3
moving averaging

has a transfer function of the form:
T( f ) =

1 + b1e

− ( 2 πιf )

+ K + bq e

− ( 2 πιf )q

1 − a1e

− ( 2 πιf )

− K − ad e

− ( 2 πιf ) d

.

eqn 7

Notice that the denominator of the transfer function
reflects the regulatory delays and implies a particular
form for the autoregressive component of the delaycoordinate model (Priestley 1981: ch. 4). In contrast,
the numerator details how stochasticity may, depending on the specific life cycle, have both immediate and
delayed effects as reflected in the coefficients of the
moving average component. Furthermore, the Cayley–
Hamilton theorem ensures that for any linear model
(such as eqn 3), there exists a unique delay-coordinate
representation (viz. eqn 6) (see, for example, Akaike
1974 and Aoki & Havenner 1991). This is a one-way
equivalence, meaning that a given delay-coordinate
model may arise from a number of different state-space
models. The state-space/delay-coordinate equivalence
is central to understand how age-structured interactions may interplay with stochasticity to induce apparent trends in fish populations. In the Supplementary
material we supply a concise Mathematica workbook
that details the calculations involved in the transfer
functions, power spectra and delay-coordinate representations. With this general background in mind, we
turn to the two case studies.
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- 
The tuna life cycle, reviewed above, motivates the following age-structured model for each of the j juvenile
cohorts (four in the case of bluefin) and d − m adult
cohorts (around 15–20) that comprise the spawning stock:
N0,t = ζt St F (St )

eqn 8

Nj,t = λj Nj−1,t −1 j = 1, … , d

eqn 9

St = Nm,t + Nm + 1,t + … + Nd,t
Notation follows that of the General Model section.
The annual survival, λj, is around 0·75 for juvenile
age classes (i.e. for j = 1, … , m − 1) and around 0·9 for
adults (ICCAT 1997). With this mortality schedule,
95% of the individuals that survived through the planktonic phase will be dead by age 20, and a very small
fraction of the spawning stock is comprised of older
individuals. The size of the cohort decays (approximately
geometrically) with age. Due to senescence there may
be an upper age-limit, d. We focus on the results assuming finite life span, but also present the mathematics for
the limit as d → ∞ (negligible senescence). For relatively
low senescence (high value of d ), the results are
indistinguishable.
The function F(St) describes density-dependent
recruitment. For mathematical simplicity we use the
Compertz model (F(S) = exp (–β log S) = S –β ) but the
conclusions generalize to the more commonly used
Beverton–Holt model ( Bjørnstad, Nisbet and Fromentin,
unpublished results). For this life cycle, representative
forms for the transfer functions of individual cohorts
and that of the whole spawning stock (Table 1) are

depicted in Fig. 2. This figure shows that in the presence
of white-noise stochastic forcing (i.e. temporally
uncorrelated stochastic forcing), the spectrum of each
cohort is also approximately ‘white’ (i.e. a flat power
spectrum). In contrast, the spawning stock spectrum is
heavily ‘red-shifted’ (i.e. dominance of low frequency
variation; Cohen 1995) compared to the individual
cohorts. The degree of red-shifting increases with
number of cohorts in the stock (Fig. 2), so that more
than 30% of the variation in the stock is in the very low
frequency range (0 < f < 0·05) compared to 5% for each
cohort. This red-shifting cannot be accounted for by
the slight increase in mean ages of reproduction (given
in Fig. 2 legend) that result from the increase in number
of adult cohorts. Rather, the delay-coordinate representation of the model can elucidate the mechanism
behind this conspicuous difference.
For any of the individual cohorts, j, the delaycoordinate representation for the dynamics is:
d

xj , t = c + (1 − β) ∑ Pk x j , t−k + α t ,
= m444
144
4k2
3

eqn 10

delayed regulation

where c is a constant, Pk is the proportion of the stock
in age-class k at equilibrium, and x is as defined in the
General Model section above. The variable αt is the
deviation of log ζt from its expectation (see Appendix A).
Assuming lognormal recruitment, αt will be a sequence
of zero-mean normal variates (that need not necessarily
be independent).
The density-dependence in reproduction, as quantified by β, induces a distributed delay in regulation that
corresponds to the ages of the spawning individuals,
from the time-lag representing maturation, m, to the timelag of maximum age, d. The importance of each delay is

Table 1. Transfer functions for individual cohorts, j, the stock, S, and young-of-the-year, 0, for the tuna model with densitydependent fecundity (eqns 8–9) and the cod model with density-dependent survival (eqns 12–14): the weights, Pk, are quantified
k−m
d
d
as λ s / Σ k=m λS . The limits in the absence of senescence (d → ∞) are also given. The limits are for m = 3 (top) and m = 1 (bottom)
Density-dependent fecundity:
1
Tj ( f ) =
d
e−2 kπιf Pk
1 − (1 − β)

∑

∑

d

TS ( f ) =
T0 ( f )

k=m

1 − (1 − β)

e

lim

→
d →∞

k=m

−2 kπιf

∑

d
k=m

Pk

e

−2 kπιf

lim

→
d →∞

Pk

same as Tj ( f )

1
e−6 πι f (1 − β)(1 − λ s )
1−
2 πι
e f − λs

1−

e

−6 πι f

e−6 πι f (1 − λ s )
(1 + β) (1 − λ s ) 2 πι f
− λs )
(e
2 πι
e f − λs

Density-dependent survival:
Tj ( f ) =

TS ( f ) =
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T0 ( f ) =

(1 − β) e−2 jπιf
1 + γe

−2 πιf

− (1 − β)

(1 − β)
1 + γe

−2 πιf

∑

d
k=m

− (1 − β)

∑

d
k=m

e

−2 kπιf

Pk

e−2 kπιf Pk

∑

d
k=m

e

−2 kπιf

Pk

1 + γ e−2 πιf
1 + γe

−2 πιf

− (1 − β)

∑

d
k=m

e

−2 kπιf

Pk

lim

→
d →∞

2 πι
(1 − β) e− j f
−2 πι f
e
(1 − β) (1 − λ s )
4πι
1 + γ e− f −
2 πι
e f − λs

2π
1
−2 j π ı f
( e ı f − λ s )−
lim (1 − β) (1 − λ s )e

→
d →∞
−2πι f

e
(1 − β) (1 − λ s )
−2πι f
−
1 + γ e

2πι f
− λs
e



lim

→
d →∞

1 + γ e−2πι f
2 πι
e− f (1 − β) (1 − λ s )
2πι
1 + γ e− f −
2πι
e f − λs
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Fig. 2. The theoretical power spectra for individual cohorts (solid line) and the total stock size (dotted line) of the generic tuna
model (eqns 8–9) as a function of number of cohorts in the stock. (a) Three adult cohorts (generation time: 4·9 years), (b) five adult
cohorts (generation time: 5·8 years) and (c) 16 adult cohorts (generation time: 9·1 years). (d) The effect of the stochastic
reproduction on an individual cohort (the-young-of-the-year) and the reproductive stock (for three, five and 16 adult) cohorts as
measured by the scaled cross-covariance between the stochastic reproduction and abundance as a function of time lag (see text
for details: x0 ). The maximum covariance is scaled to one to ease comparison. Model parameters are: m = 4, β = 0·7, λS = 0·9,
λJ = 0·75 and α* = log(10).

given by the equilibrium proportion of the stock in each
age-class. Note that the (1 − β)Pk coefficients in eqn 10
represents the strengths of ‘statistical density-dependence’
in ecological time series parlance (e.g. Royama 1992).
The corresponding equation for the log-spawning
stock, s, takes an analogous form to eqn 10 except for
the nature of the stochastic component:
d

d

st = c + (1 − β) ∑ Pk st− k + ∑ Pk α t− k .
k= m
k= m
1442
443 1
4243
delayed regulation
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eqn 11

distributed noise

Comparing eqn 10 to eqn 11, the difference in dynamics
− notably the degree of red-shifting of the stock
dynamics (Fig. 2) − arises because of the way the stochastic forcing is echoed in a distributed fashion within
the stock, but not in the individual cohorts. This conspicuous difference leads to the different numerators of
the two transfer functions (see Table 1). In the presence
of stochasticity we can therefore expect any individual
cohort to vary mildly around the equilibrium. The stock,
in contrast, will exhibit apparent long-term trends.
Because the low-frequency variation is associated with
‘echoing’ of the stochasticity by the age-structured
interactions, we dub this the ‘cohort resonance’ effect.
We note that similar effects also appear in models of
biomass except that the weights, Pk, then represent the
proportion of the stock biomass rather than numbers.

One way to intuit about the cohort resonance effect
is to consider the temporal signature of the stochastic
reproduction on the stock and on individual cohorts.
Obviously, the effects on the young-of-the-year is instantaneous, that of the 1-year-old will be with a 1-year time lag,
etc. A good way to visualize this signature is to consider
the covariance between the stochastic reproduction and
abundances as a function of time lag. We calculated these
covariances according to Priestley (1981: ch. 3·5). For
individual age-classes, this function has a spike at the
appropriate lag (i.e. lag 0 for the young-of-the-year, x0) and
will be zero for all other lags. For the stock, in contrast,
the effect is distributed across several time lags (Fig. 2d).

- 
The life cycle of the Skagerrak cod motivates the
following age-structured model (Bjørnstad et al. 1999a;
Stenseth et al. 1999; Fromentin et al. 2001):
N0,t = ζt St

eqn 12

N1,t = N0,t − 1e−βv(N

0,t − 1

) −γw(N1,t −1)

e

Nj,t = λSNj−1,t−1 j = 2, … , d
St = N2 + … + Nd .

eqn 13
eqn 14
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Fig. 3. The normalized power spectra of the model (eqn 12) in the parameter range resulting in (a) asymptotically stable
overcompensation cycle (parameters β = 1·6, γ = 0·4, λ = 0·4) and (b) (asymptotically stable) single-generation cycle (parameters
β = 0·4, γ = 0·3, λ = 0·4). The former represents a two-generation cycle. Full line represents the young-of-the-year, the dashed line
represents age 1, and bold lines represents the stock. The peak in power at high frequency represents the cycle. Note also the peak
in the low-frequency end of the spectrum of (b).

The strictly positive functions v() and w() determine the
functional forms of how competition (within-cohort
interactions) and cannibalism (between-cohort interactions), respectively, affect survival. The parameters β
and γ measure the strength of these respective processes. The parameter λS represents the annual survivorship of mature individuals (around 0·4 in the Skagerrak
cod populations; Julliard et al. 2001). The maximum
life span, d, appears to be around 5–6 years (less than
3% of the stock are older than 5 years). As in the case of
density-dependent fecundity, we focus on the results
pertaining to finite life spans but also present the
mathematics for the limit as d → ∞. Empirical studies
indicate that the density-dependence in survival is
approximately log-linear [i.e. v(N0) = log(N0) and w(N1)
= log(N1); Bjørnstad et al. 1999b]. The skeleton (i.e. the
deterministic analogue) of the model (eqns 12–13)
(Table 1) with only one adult cohort is discussed by
Nisbet & Onyiah (1994). [However, in their detailed
study, density-dependence was assumed of be of the
Ricker form (i.e. v(N0) = N 0 and w(N 1) = N1)] This
model can, in addition to the overcompensation
(two-generation) cycles seen in the presence of densitydependent fecundity, also exhibit single-generation
cycles when intercohort interactions are strong.
The transfer functions associated with the life cycle
(eqns 12–13) (Table 1) are shown in Fig. 3. In addition
to the cycles, the young-of-the-year and the spawning stock
are predicted to show low-frequency fluctuations for
certain parameter values (Fig. 3b). The delay-coordinate
representation for the first age class (see equations) is:
d

∑

x1,t = c − γx1,t−1 + (1 − β)
Pk x1,t−k + αt .
1424
3
= 2 444
144
4k2
3
cannibalism
competition
144444244444
3

eqn 15

delayed regulation
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The variable αt is, again, deviation of log ζt from its
expectation (see Appendix A).
The corresponding equations for the age-zero cohort
and the spawning stock take an analogous form to eqn
15 except for the stochastic component:

d

x0, t = c − γx0, t−1 + (1 − β) ∑ Pk x0, t− k + α t + γα t−1,
14243
k= 2
144444
4244444
4
3 distributed noise
delayed regulation

eqn 16
and
d

d

s0, t = c + (1 − β) ∑ Pk s0, t− k + (1 − β)∑ Pk α t− k , eqn 17
=2
k= 2443
1444
42k444
4
3 1442
delayed regulation

distributed noise

respectively. Comparing eqns 16 and 17 to eqn 15, the
low-frequency variability (Fig. 3) can be seen to be due
to the way the stochastic forcing, α1, is echoed through
the life cycle by the intercohort interaction, γ. The
stochastic forcing is echoed further in a distributed
fashion across the stock, to induce additional redshifting (cf. Fig. 2d).

Discussion
  
Our analysis of two models explores the interplay
between stochastic reproduction and density-dependent
survival and fecundity as mediated by intra- and intercohort interactions. We show that apparent trends can
arise when the stochastic recruitment is echoed by the
life cycle either through being distributed across multiple adult cohorts or through being echoed through
intercohort interactions. In both cases, this phenomenon emerges because at least one age-class is interacting with more than one other age-class. In analyses of
numerous other life cycles, we have found that cohort
resonant effects can induce low-frequency fluctuations
in groups of cohorts and/or individual cohorts in any
life cycle except for the simplest non-interactive and
semelparous one (unpublished results). Such lowfrequency fluctuations correspond to apparent trends
that can potentially mimic critical variation in abundance linked to environmental change, over-exploitation
or other types of anthropogenic forcing. We stress
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Fig. 4. The relative influence of ‘cohort resonance’ on amplifying/reducing variation at various frequency. Because cohort
resonance induces distributed stochastic forcing, low-frequency variation tends to be enhanced at the expense of high-frequency
variation (and thus the induction of apparent ‘trends’). The graphs quantify the relative amplification (response > 1) or reduction
(< 1) in variation at different frequencies in (a) the long-lived model (with five adult cohorts), and (b) the short-lived model. The
y-axis represents the spectral power relative to the naive theory ignoring cohort resonance (i.e. assuming density-dependent
population growth, but ignoring the echoing of the stochasticity). Parameters are (a) λS = 0·9 and (b) γ = 0·4. Relative
amplifications are independent of all other parameters (cf. eqn 10 vs. eqn 11 and eqn 16 vs. eqn 15). In both cases the age-structured
echoing of the stochastic recruitment greatly enhance the importance of low-frequency relative to high-frequency variability.

Fig. 5. Environmental stochasticity can rarely be approximated as white noise. The figure depicts how two sample transfer
functions filter other types of stochastic forcing. In this case, noise with reddened and blued spectra are used for illustration. With
white-noise stochastic forcing, the spectra of abundances takes the shape of the transfer function, for other types of stochastic
forcing the amplitudes for the spectra of abundances are enhanced/reduced in proportion to the amplitude of the transfer function
at the different frequencies.
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that cohort resonance is unrelated to, and should
not be confused with, drift in weakly regulated systems with long return times (e.g. Yodzis 1989: ch. 2·4).
In our analyses we made the heuristic assumption
that environmental forcing on recruitment constitutes
a white-noise (i.e. uncorrelated) process. However, all
calculations apply in the case of non-white forcing in
that the transfer functions still provide the proportionate amplification / reduction of fluctuations at the
various frequencies irrespective of the shape of the
spectrum of the environmental forcing (Fig. 5).
Much recent work focuses on the interplay between
density-dependent/ regulatory and density independent /
stochastic processes on shaping the dynamics of populations. The overall consensus is that both regulatory
and stochastic forces must be considered to understand
the dynamics of real populations (e.g. Turchin 1995;
Bjørnstad & Grenfell 2001). Several different facets of
this interplay have been described. First, highly nonlinear density dependence may lead to chaotic dynamics

that result in rapid amplification of stochasticities (e.g.
Ellner & Turchin 1995). Secondly, stochastic disturbance
can shift populations from one attractor to another
in systems with alternative stable states (e.g. Nisbet
& Onyiah 1994). Thirdly, complex noise–determinism
interactions can arise in the presence of unstable
equilibria (‘saddle nodes’) or unstable manifolds
(‘repellors’) (Rand & Wilson 1991; Cushing et al. 1998).
A fourth important effect is that stochastic forcing
can induce periodic trajectories in a range of asymptotically stable systems (Nisbet & Gurney 1976, 1982;
Stenseth, Bjørnstad & Saitoh 1996; Higgins et al. 1997).
Most of these effects predict short-term cycles and /
or other types of high frequency fluctuations as a result
of the noise–determinism interaction.
Cohort resonance in age-structured populations
provides a fifth way in which regulatory and stochastic
processes interact to shape population dynamics. In
contrast to the above effects, cohort resonance leads to
low frequency variability. The resultant fluctuations in
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abundance may appear as apparent trends in all but the
longest time series. Intriguingly, in the case of strong
intercohort interactions, one mechanism (asymmetric
competition /cannibalism between cohorts) results in
dual scales of variability − both single-generation cycles
and trends − in the presence of stochastic recruitment
(Fig. 3; see also Bjørnstad et al. 1999a).
Cohort resonance may be of particular interest in
fisheries ecology, as aggregate cohorts − the spawning
stock biomass (SSB) − are a key variable when assessing the status of a stock (e.g. Hilborn & Walters 1992).
Our current theorizing may provide a new method to
help distinguishing between mechanisms causing longterm fluctuations in population size. For instance, the
literature on long-term fluctuations in bluefin tuna
suggests two possible scenarios: (1) variations in recruitment, or (2) changes in migration patterns (Ravier
& Fromentin et al. 2001). Our models indicate that
climatic variability affecting recruitment should provide
a delayed and distributed signal between climate and
stock size ( Fig. 2d). Any synchronous (lag-zero) covariation between climatic forcing and stock size would
suggest that behavioural shifts are the more probable
cause. In addition, correlational studies between abundance and climate have been fraught previously with
complications relating to multiple testing and data
dredging. The combination of transfer functions and
delay-coordinate models provides a mechanistic way to
predict what the relation should look like for a given life
cycle. In particular, the delayed and distributed signal
may provide an explanation for – and eventually a solution to − the problems of discerning environmental
signatures in age-structured dynamics that is discussed
by Kaitala & Ranta (2001).
The likelihood of obtaining resonant effects within a
natural population imply sufficient stochasticity within
the reproduction / recruitment together with intercohort interactions and / or a long adult life span. While
the combination of stochastic recruitment and densitydependent demography is documented most fully in
marine populations, it will be interesting to see whether
other animals that exhibit stochastic age-structured
dynamics, such as large mammals (Gaillard, FestaBianchet & Yoccoz 1998; Coulson et al. 2001), exhibit
cohort resonant effects. A critical challenge that arises
from our study is to separate apparent trends that are
intrinsic to age-structured dynamics from externally
driven trends that are of key concern to management
and conservation.
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Reproduction and survival may depend on density (of
all or some of the cohorts) and the stochastic forces, ζ. Thus,
the age-structured system can generally be written as:
Nj,t = Φj (Nt − 1, ζt ),

eqn A1

where Φj is the function summarizing the densitydependent and density-independent influences on
age-class j. On a logarithmic scale, eqn Al is:
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log Φj (Nt−− 1, ζt ) = θj (log Nt−− 1, log ζt ),

eqn A2

where θj are the functions log Φj recast in terms of
log-abundances and log-stochasticity. To develop the
transfer functions (eqn 4), we linearize (e.g. Nisbet &
Gurney 1982) the log-system (eqn A2) around the
equilibrium log N* = (log N*0 , … , log N*d ), taken at the
expected value of log ζ. The linearized system is then:
xt = Jxt−1 + Aαt

eqn A3

where xt = log Nt − log N* and αt = log ζt − log ζ∗.
Assuming log-normal recruitment, αt will be a
sequence of zero-mean normal variates (that need
not necessarily be independent). The matrix J is the
Jacobian matrix with elements:
J jk =

∂θ j (log N*, log ζ*)
∂ log N k

,

eqn A4

and the vector A is the partial derivative with respect to
the stochasticity. The vector elements are thus:
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Aj =

∂θ j (log N*, log ζ*)
∂ log ζ

,

eqn A5

Appendix B
 
We obtain the general transfer function eqns 4 and 5
through Fourier transforming and rearranging eqn A3.
Denoting Fourier transforms with tilde, the transformed
equation is:
x( f ) = Jx( f )e

−2 πιf

+ A: ( f ),

eqn B1

which upon rearranging becomes:
x( f ) = ( I − e

−2 πιf

−1

J ) A : ( f ),

eqn B2

where I is the identity matrix, and ι is the complex
constant.

