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Clear [B, v Al
(*xThe nodel is -- egn 12-14 in Bjornstad et al.
NO (t) = Exp (&) S(t) => NO(t) = Exp (&) (A NL (t-1) + A N2 (t-1) + A N3 (t-1))
N1 (t) = NO (t-1) Exp[- B Log[NO (t-1)] - B Log[NL (t-1)]]
N2 (t) = A NL (t-1)
N3 (t) = X N2 (t-1)
N4 (t) = A N3 (t-1)
S(t) = N2 (t)+N3 (t)+N4 (t) = A NL (t-1) + A N2 (t-1) + X N3 (t-1)

*)

(xLet xO = Log[NO], x1 = Log[Nl], etc
The following is then the nodel re-witten in | og-abundances: =)
fO= EXp[] (AEXpP[X1] + AEXP[ X2] + A Exp[x3]);
f1=Exp[x0] Exp[-BX0-y¥x1],;
f2=2x Exp[x1];
f3 = AExXp[x2];
(»f 4= Exp[x3] i s not neededx)
fs = ABEXp[x1] + AEXp[ x2] + A Exp[x3];

(» Differentiating the | og-nbdel with respect to | og-abundances (see eqn A4): x)
j 11 = D[Log[f O], x0]; j12 =D[Log[fO], x11;

j 13 = D[Log[f O], x2]; j14 =D[Log[fO], x3]; j 15 =D[Log[fO], S]I;
j 21 =D[Log[f 1], x0]; j22 =D[Log[f1], x171;

j 23 = D[Log[f 1], x2]; j24 =D[Log[f1], x3]; j25=D[Log[f1], s]I;
j 31 =D[Log[f2], x0]; j32=D[Log[f2], x11;

j 33 =D[Log[f2], x2]; j34 =D[Log[f2], x3]; j35=D[Log[f2], S]I;
j 41 = D[Log[f 3], x0]; j42 =D[Log[f3], x11;

j 43 = D[Log[f 3], x2]; j44 =D[Log[f3], x3]; j45 =D[Log[f3], s]1;
j 51 = D[Log[fs], x0]; j52=D[Log[fs], x17;

j 53 = D[Log[fs], x2]; j54 =D[Log[fs], x3]; j55=D[Log[fs], S];

(» Defining the Jacobian for the log-linearized system x)
J={{j11, j12, j13, j14, j15}, {j21, j22, j23, j24, |25},

{j 31, j32, j33, j34, 35}, {j41, j42, (43, j44, j45}, {j51, j52, j53, j54, j55}};
Mat ri xFor m[J]
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(» simplifying at equilibrium %)
Jegq=Sinmplify[J /. Exp[x3] » AEXp[x2] /. Exp[x2] » A Exp[x1]];
Mat ri xFor m[Jeq]
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0 1 A 22 0
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(» Defining the A vector (cf eqn A5) =)

al =D[Log[f0], &1, a2 =D[Log[f1], &I,

a3 = D[Log[f3], £]; a4 =D[Log[f4], £]; a5 =D[Log[fs], £&I;
A =Transpose[{{al, a2, a3, a4, a5}}]:

Mat ri xFor m[A]
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(xCal cul ating the vector of transfer functions -- eqn 5 in Bjornstad et al.
NOTE: the belowis cast in ternms of angular frequencies, w w = 2 x fx)

Id:=IldentityMatrix[5];

F:=Inverse [Id-Exp[-] w] Jeq] . A

Mat ri xFor m[F]
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T:=ExpToTri g[F]
PS:=Re[T]1"2+Im[T]"2;

(xThe transfer function for age 0 cohort x)
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(xdel ay coordi nate AR-coefficients for young-of -t he-year )
Sinplify[Coefficient[-Denomnator [F[[1]1]1[[1]1], {e®V, e2iW 31V 4iWyq]

(*xThese are the x0 (t-1), ..., x0 (t-4) coefficientsx)
[ 1-p A-B2A _(—1+/3)A2}
VT2 T2 1+x+22

(xAND del ay coordi nate MA-coeficients for young-of -t he-year x)
Sinplify[Coefficient [Numerator [F[[1]1][[1]], {e®VW, e?2iVW 31w e4iwWy]]
(*xThese are the a (t), ..., a (t-3) coeficientsx)

{v, 0, 0, 0}

(xThe transfer function for age 1 cohort x)
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(xThe transfer function for spawni ng stock cohort )
FL[5]1]
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(xdel ay coordi nate AR-coefficients for stockx)
Si mpl i fy[Coefficient [Expand[-Denoninator [F[[51]11[[11]], {e®% e?2i% e3iW 41w}y
(*These are the s (t-1), ..., s (t-4) coefficientsx)

{ 1-5 A=-B2A (-1 +p) 22
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(*xAND del ay coordi nate MA-coeficients for stocksx)
Si mpl i fy[Coefficient [Expand[Nunerator [F[[5]1]11[[1]1]], {e®V¥ e?2iW 31w g4iwWi]]

(xThese are the a(t), ..., a (t-3) coeficientsx)
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(*A PLOT OF NORMALI ZED SPECTRAL DENSI TI ES: *)
B=.4; 7:.3; A = 0.4,
PSXN=PS[[1]1]1[[1]1]/N ntegrate[PS[[1]]1[[1]], {w O, Pi}];
PSYN=PS[[2]]1[[1]]1/N ntegrate[PS[[21]1[[11], {w, O, Pi}];
PSSN=PS[[5]1][[1]]1 /N ntegrate[PS[[5]11[[1]], {w, O, Pi}I;
pl = Pl ot [{PSXN, PSYN, PSSN}, {w, 0, Pi},
Def aul t Font -> {"Ti mes-New-Roman", 12},
Pl ot Styl e -> {Thi ckness[0. 0077,
{Thi ckness[0. 007], Dashing[{0.03, 0.03}13}, {Thickness[0.015]1}},
AxesStyl e -> {Thi ckness[0. 007]},
AxesLabel -> {Font For m["Frequency", {"Ti nes-New-Roman", 12}],
Font For m[" Power", {"Ti mes-New-Rorman", 12}1},
Ticks -> {{0, 3}, {0, 13}3},
AspectRatio -> 1,
Pl ot Range - {0, 1.5}];
(» This is Fig 4 Bin Bjornstad et al. -- Note though That the X-
axis is in angular frequiencies (0 - x) =)
Cear [B, ¥ Al

Power

Frequency
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(xCalculating the limt of the Transfer functions as d » Infinity
(cf. Table 2)x%)
d =Infinity;

(»defining the infinit denomators of the transfer functionss)
denomi nator = (1 + Exp[-1 w] ¥ -
(1-B8) EXp[- I w] (Sum[a”® (n-1) Exp[-nl w], {n, 1, (d+1)}]/Sum[a*n, {n, O, d}1));

(» 0gr transfer function in the limt as d » Infinitys)
FO = (1 +Exp[- 1 w] y¥) /denoni nat or

iw

l+re Wy
ciws, €W (A-B) (1-2)
l+eiwy P

(» k (> 0) gr transfer function in the linmt as d » Infinitysx)
Fk = (1 -B) Exp[-] kw] /denom nat or

e kW (1-p)
. _ et - -
1+e JLWY € Weliv/\?))\il A)

(+ Stock transfer functioninthe limt as d » Infinitys)
Fs = (Exp[-1 W] (1-8) (-Sum[a™ (n-1) Exp[-nl w], {n, 1, (d+1)}]/Suma”n, {n, 0, d}1))/
denomi nat or

et (-5 1-n

(1+eiwy - «UB D) (eiw-3)
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(*A PLOT OF NORMALI ZED SPECTRAL DENSI TI ES
FOR THE LI M TI NG CASE: O-group and spawni ng st ockx)
B=.4 vy=.3;, A = 0.4
TO = ExpToTri g[Si nplify[FO11;
TS = ExpToTrig[Sinplify[Fs1];
PSO = Re[TO]1”2 + I m[TO] " 2;
PSS =Re[TS]1"2 + I m[TS]"2;
PSON = PSO /NI nt egrat e[PSO, {w, O, Pi}I;
PSSN= PSS/ N ntegrate[PSS, {w, 0, Pi}l;
pl = Pl ot [{PSON, PSSN}, {w, 0, Pi},
Def aul t Font -> {"Ti mes-New-Roman", 12},
Pl ot Styl e -> {Thi ckness[0. 0077,
{Thi ckness[0. 007], Dashing[{0.03, 0.03}13}, {Thickness[0.015]1}},
AxesStyl e -> {Thi ckness[0. 007]},
AxesLabel -> {Font For m["Frequency", {"Ti nes-New-Roman", 12}],
Font For m[" Power ", {"Ti mes-New-Rorman", 12}1},
Ticks -> {{0, 3}, {0, 1}3},
AspectRatio -> 1,
Pl ot Range - {0, 1.5}];
(» Note That the X-axis is in angular frequiencies (0 - x) =*)
Clear [B, ¥ Al
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