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SUMMARY

In a recent experiment, we found that mice previously infected with Bordetella pertussis were not protected against a later
infection with Bordetella parapertussis, while primary infection with B. parapertussis conferred cross-protection. This
challenges the common assumption made in most mathematical models for pathogenic strain dynamics that crossimmunity between strains is symmetric. Here we investigate the potential consequences of this pattern on the circulation of
the two pathogens in human populations. To match the empirical dominance of B. pertussis, we made the additional
assumption that B. parapertussis pays a cost in terms of reduced ﬁtness. We begin by exploring the range of parameter
values that allow the coexistence of the two pathogens, with or without vaccination. We then track the dynamics of the
system following the introduction of anti-pertussis vaccination. Our results suggest that (1) in order for B. pertussis to be
more prevalent than B. parapertussis, the former must have a strong competitive advantage, possibly in the form of higher
infectivity, and (2) because of asymmetric cross-immunity, the introduction of anti-pertussis vaccination should have
little eﬀect on the absolute prevalence of B. parapertussis. We discuss the evidence supporting these predictions, and the
potential relevance of this model for other pathogens.
Key words: whooping cough, mathematical model, strain dynamics, vaccine.

INTRODUCTION

Understanding how pathogen diversity and evolution
interact with epidemiology is crucial to improve
the control of infectious diseases. Multi-disciplinary
approaches, combining microbiology and genetics
with mathematical and statistical modelling, have
allowed rapid progress in this ﬁeld over the last
decade (Grenfell et al. 2004). A key objective is to
determine in what measure the (re-) emergence of
a disease (whether it has already occurred or it is
anticipated) is caused by changes in the host population or by evolution of the pathogen. Antimicrobial
resistance and antigenic variation are certainly
two of the most serious threats to sustained control
of infectious diseases. Here we will focus on the
latter. Antigenic diversity enables infectious agents
to evade host’s acquired immunity. It can occur
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within a single host, allowing the infection to
persist (see review by Frank and Barbour, 2006),
or at the population level, causing recurrent epidemics such as seen in human inﬂuenza (Gog and
Grenfell, 2002 ; Ferguson, Galvani and Bush, 2003 ;
Koelle et al. 2006), cholera (Koelle et al. 2006) or
dengue (Wearing and Rohani, 2006). In all those
examples, mathematical models have been used
to decipher the role of ecological and evolutionary
dynamics, based on experimental and epidemiological data.
In this paper we demonstrate how a simple model
can be derived and analysed to explore the potential
implications at the population level of experimental
ﬁndings at the individual level. The starting point is
a recent experimental study (Wolfe et al. 2007) that
showed asymmetric cross-immunity between two
closely-related bacterial species : Bordetella pertussis
and B. parapertussis. These two pathogens are the
main agents of whooping cough (Mattoo and Cherry,
2005) and are speciﬁc to humans. However, infections of mice have proven a useful assay to study
pathology (Sato et al. 1980), immunity (Sato and
Sato, 1984) and vaccine protection (Redhead et al.
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1993 ; Willems et al. 1998). The relationship between
B. pertussis and B. parapertussis has been debated
since the latter was isolated in 1937 (Eldering
and Kendrick, 1938, 1952 ; Granström and Askelöf,
1982). Clinically, B. parapertussis produces similar
but typically milder symptoms than B. pertussis
(Lautrop, 1958 ; Mastrantonio et al. 1998 ; Bergfors
et al. 1999 ; He et al. 1999 ; Liese et al. 2003).
Genetically, the two human pathogens now appear
to have emerged independently from diﬀerent
animal strains of B. bronchiseptica (Diavatopoulos
et al. 2005). More controversial is the level of
cross-protective immunity conferred by B. pertussis
and B. parapertussis. Lautrop (1958) reported 73
children who became infected with both B. pertussis and B. parapertussis over a 17-year period,
and concluded that ‘‘ preventive cross-immunity
[…] does not exist ’’. Khelef et al. (1993) showed
that puriﬁed proteins from either B. pertussis or
B. parapertussis do not provide mice with crossprotection in aerosol challenge experiments. This
lack of cross-protection was supported by several
studies from clinical trials that suggested poor efﬁcacies of anti-pertussis vaccines against B. parapertussis (Mastrantonio et al. 1998 ; Stehr et al.
1998 ; Bergfors et al. 1999). In contrast, Watanabe
and Nagai (2001) found that mice previously infected with either of the two pathogens were
able to clear both pathogens when challenged six
weeks later. However, the use of B. pertussis strain
18-323, which presents a number of striking
molecular diﬀerences with other B. pertussis strains
(Musser et al. 1986 ; Stibitz and Yang, 1997 ;
Diavatopoulos et al. 2005), and the long delay (two
weeks) before assessing clearance of infection, is a
cause of concern regarding the relevance of the
latter result. Using previously sequenced strains
of B. pertussis and B. parapertussis, we recently
performed challenge experiments in mice four
weeks after the initial infection (Wolfe et al. 2007).
Bacterial counts three days post-challenge show
that, compared to naı̈ve mice, those immunised
with B. pertussis were able to clear subsequent
infection with B. pertussis but not B. parapertussis.
Conversely, immunization with B. parapertussis
elicited the clearance of both species. We then established, experimentally, the key role of O-antigen
(which B. pertussis lacks) in enabling B. parapertussis to evade cross-immunity : in a similar
experiment, an O-antigen-deﬁcient B. parapertussis
strain showed reduced ability to colonise hosts
previously challenged with either species (Wolfe
et al. 2007).
These experimental results from the mouse model
system suggest that B. parapertussis may have a
competitive advantage over B. pertussis in human
populations. By contrast, the observed incidence
of B. parapertussis has consistently been lower
than that of B. pertussis (Lautrop, 1971 ; He et al.
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1998 ; Mastrantonio et al. 1998 ; Bergfors et al.
1999 ; Cimolai and Trombley, 2001 ; Frühwirth
et al. 2002 ; Liese et al. 2003 ; Dragsted et al. 2004 ;
Letowska and Hryniewicz, 2004). However, most
of these surveys are likely to underestimate the
circulation of B. parapertussis as it tends to cause
milder symptoms – and therefore is more likely to
go unreported – than B. pertussis. In addition, in
some countries like the United States, B. pertussis
infections are notiﬁable while B. parapertussis infections are not (Centers for Disease Control and
Prevention, 2007). Lautrop (1971), who produced
the most detailed epidemiological study of
B. parapertussis available, went so far as to assert
that ‘‘ as an infectious entity parapertussis is as
widespread as pertussis.’’ Besides, there have been
no recent longitudinal studies that could show
trends in B. parapertussis circulation. In view
of the shortcomings of current epidemiological
data, we designed a mathematical model to
investigate the potential eﬀects of asymmetric
cross-immunity on the coexistence, incidence and
dynamics of B. pertussis and B. parapertussis within
a human population. Although many aspects of
pathogen strain dynamics have already been
modelled, asymmetric cross-immunity has been
widely overlooked. To our knowledge the only
two exceptions are studies by White, Cox and
Medley (1998) who considered the possibility
from a theoretical point of view, and Lipsitch
et al. (2000) who measured experimentally and
modelled mathematically asymmetric crossimmunity among strains of Streptococcus pneumoniae. This paper will address the following
questions. Assuming asymmetrical cross-immunity
and ﬁtness diﬀerence, what conditions allow the
coexistence of the two pathogens ? How do the
parameters of the model aﬀect their prevalence ?
How does the introduction of anti-pertussis vaccination aﬀect the dynamics of the two species?
Beyond the particular case of B. pertussis and
B. parapertussis, we suspect that careful experimental studies could reveal similar patterns in other
systems, so that our model could be applied more
broadly.

METHODS

The model
Our model is an extension of the classical SIR
framework (for Susceptible-Infectious-Recovered)
to two pathogenic entities, similar to that used by
Kamo and Sasaki (2002) with the addition of a
vaccinated compartment. As shown in Fig. 1, the host
population falls into 10 non-overlapping compartments, deﬁned by their levels of infectivity and susceptibility with respect to the two pathogens. Their
dynamics are described by the following system of
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Fig. 1. Diagram of the dynamic model described by
equations (1). Boxes represent the ten compartments into
which the population is divided, and arrows show
transfers of individuals between them. Solid thick
arrows : infections ; solid thin arrows : recoveries ; dotted
grey arrows : loss of immunity ; dashed arrows : births.
Deaths (occurring at equal rates in all compartments) are
not shown.

ordinary diﬀerential equations :

susceptibility or infectiousness in an epidemiological
context. We decided to represent partial crossimmunity by a reduction in susceptibility to secondary infection, represented by parameters hp, the
level of cross-protection conferred by infection with
B. pertussis, and hpp, that conferred by infection with
B. parapertussis. To account for asymmetric crossimmunity, we impose the following inequalities :
0fhp<hppf1. We found no empirical indication on
the level of cross-protection (against B. parapertussis)
conferred by anti-pertussis vaccination, hv, compared to cross-protection from infection with
B. pertussis, hp. By default, we assume that the two
parameters are equal, but we also consider other
possibilities.
In addition, to account for the alleged lower incidence of B. parapertussis, we allow for the possibility
of a ﬁtness cost which would balance its immunitybased competitive advantage. Compared to the
baseline transmission rate b of B. pertussis, we
therefore assume that the transmission rate of
B. parapertussis is bQ, with 0<Qf1. Alternatively,
we considered an increase in the recovery rate of
B. parapertussis, c/Q, which led to very similar results, so we will not present this scenario here.

8
dS=dt=m(1xvxS)xS(Lp +Lpp )+s(Rp +Rpp +Vp )
>
>
>
>
>
dVP =dt=m(vxVp )x(1xhv )Vp Lpp xsVp
>
>
>
>
>
>
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>
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>
>
>
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>
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>
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>
>
dIp2 =dt=(1xhpp )Rpp Lp +cIco x(m+c+s)Ip2
>
>
>
>
>
> dIpp2 =dt=(1xhp )Rp Lpp +(1xhv )Vp Lpp +cIco x(m+c+s)Ipp2
>
>
:
dR=dt=c(Ip2 +Ipp2 )x(m+2s)R
Table 1 deﬁnes the symbols used in the model. In
line with empirical observations (e.g. Lautrop,
1971), we allow for the possibility of co-infection by
the two pathogens. We make the following assumptions about immunity: upon infection with one
pathogen, individuals are fully protected against reinfection with the same pathogen, but only partially
protected against secondary infection with the other
pathogen. Similarly, vaccination of newborns protects them against infection with B. pertussis and
reduces their susceptibility to B. parapertussis. All
immunity wanes at a constant rate s, i.e. individuals
lose their immunity against that pathogen on average
1/s years after recovering from an infection (or after
vaccination). To our knowledge there is no empirical
indication on how measures of bacterial growth
in challenge experiments, as performed by Wolfe
et al. (2007), can be used to quantify variations in
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(1)

Although we are not aware of any direct evidence of
such a ﬁtness diﬀerence between B. pertussis and
B. parapertussis, the fact that the latter tends to exhibit milder or shorter symptoms could account for
lower or shorter-lived infectivity. The previous
assumptions are summarised in Table 2, which
shows the infection rates of the two pathogens on
the diﬀerent classes of susceptible hosts. We wish
to emphasize that these assumptions represent one
possible interpretation of the implications of experimental observations at the individual level for
population dynamics.
Analyses
Due to the high dimensionality of the system, little
algebraic analysis is feasible, so we resorted mainly to
numerical analysis. First, we studied single pathogen
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Table 1. List of symbols used in the model
S
V
Ip1
Ipp1
Ico
Rp
Rpp
Ip2
Ipp2
R
b
bQ
Lp
Lpp
m
v
s
hp
hpp
hv
c
R0

Proportion of fully susceptible individuals
Proportion of uninfected vaccinated individuals
Proportion of primary infections with B. pertussis
Proportion of primary infections with B. parapertussis
Proportion of co-infections
Proportion of individuals immune to B. pertussis after primary infection
Proportion of individuals immune to B. parapertussis after
primary infection
Proportion of secondary infections with B. pertussis
Proportion of secondary infections with B. parapertussis
Proportion of individuals immune to both pathogens after
secondary infection
Transmission rate of B. pertussis
Transmission rate of B. parapertussis
Force of infection of B. pertussis : Lp=b(Ip1+Ip2+Ico)
Force of infection of B. parapertussis : Lpp=bQ(Ipp1+Ipp2+Ico)
Natural birth and death rate
Vaccine coverage : proportion of newborns who receive the
anti-pertussis vaccine
Rate of loss of immunity
Protection conferred by primary infection with B. pertussis
against B. parapertussis
Protection conferred by primary infection with B. parapertussis
against B. pertussis
Protection conferred by anti-pertussis vaccination against
B. parapertussis
Rate of recovery
Basic reproduction number of B. pertussis

Table 2. Per capita forces of infection for the diﬀerent categories of
susceptible hosts by B. pertussis and B. parapertussis
Category

B. pertussis

B. parapertussis

S
V
Ip1, Rp
Ipp1, Rp

b(Ip1+Ip2+Ico)
0
0
b(1xhpp)(Ip1+Ip2+Ico)

bQ(Ipp1+Ipp2+Ico)
bQ(1xhv)(Ipp1+Ipp2+Ico)
bQ(1xhp)(Ipp1+Ipp2+Ico)
0

equilibrium states to derive criteria for the persistence of B. pertussis and B. parapertussis. We then
investigated the relative incidence of the two pathogens and certain aspects of their endemic dynamics.
Analyses were carried out with Mathematica 6.0
(Wolfram, 2007).
We chose the numerical values of certain parameters based on the limited available information
from clinical studies and previous modelling works.
The average infectious period for both pathogens,
1/c, was set to 21 days (Anderson and May, 1982).
Published data suggests that loss of immunity appears within 6 to 10 years of primary infection or
vaccination (Olin et al. 2003 ; Broutin et al. 2004),
although there is no indication on the distribution
of the duration of immunity in populations. Following Wearing and Rohani (unpublished manuscript),
we set the average duration of immunity 1/s to 50
years, which enabled them to successfully reproduce
the dynamical features of B. pertussis incidence in
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England and Wales. Note that, because loss of immunity in our model is assumed to be exponentiallydistributed, this value amounts to nearly 10 % of
people losing their immunity within a ﬁve year
period. The value of the transmission rate of
B. pertussis, b, is derived from the basic reproduction
number R0, which can be estimated using empirical
estimates of the average age at ﬁrst infection A
and the mean life-span L. Anderson and May
(1991) proposed the approximate relation R0BL/A
(assuming age-independent mortality), which lead
them to an estimated value of around 17 for whooping cough in pre-vaccine era England and Wales as
well as the USA. However, that formula needs to
be amended when waning of immunity is taken
into account (Wearing and Rohani, unpublished
manuscript). In our model, the basic reproduction
number of B. pertussis can be expressed as an
approximate function of the average age at ﬁrst infection A and the rate of waning immunity s (see
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Appendix for an exact expression) :
R0 

(1=A)+s
m+s

(2)

Using 1/m=70 years, A=4.5 years (Anderson and
May, 1982) and 1/s=50 years, we get R0B7 for
B. pertussis. The transmission rate b is then given
by R0 (m+c) and the basic reproduction number
of B. parapertussis by R0 Q. The numerical values of
parameters Q, hp, hpp and hv, which are speciﬁc to
this model and for which no empirical estimate is
available, were varied extensively between 0 and 1.
We also explored the eﬀects of wide variations in
immune period 1/s and vaccine coverage v. Although
not shown here, we checked that the patterns presented in this paper were not aﬀected qualitatively by
variations in other parameters (A, m or c).
RESULTS

The system has four possible equilibrium points : no
pathogen, B. pertussis alone, B. parapertussis alone
and both pathogens present. Only the ﬁrst two can be
expressed analytically. To determine their stability,
we assessed the ability of each pathogen to invade
equilibria from which it is absent. Further details
about the following expressions are given in the
Appendix.
In the absence of B. parapertussis, elimination of
B. pertussis by vaccination is feasible if immunity
lasts long enough. The critical vaccine coverage,
above which B. pertussis cannot persist, is given by
(3)

which only holds if the right-hand term is equal to
or less than one. Using equation (2), this condition
can be re-written as : sf(Am2)/(1x2Am) Using the
exact expression for R0 derived in the Appendix
instead of equation (2) leads to a more complicated
expression but we checked that the numerical values
were very close. Numerically, with A=4.5 years and
1/m=70 years, our model predicts that B. pertussis
cannot be controlled by single dose vaccination if
the average duration of immunity 1/s is shorter than
948 years. In the following, we will assume that this
is the case, so that B. pertussis remains endemic
with any level of vaccine coverage in the absence
of B. parapertussis. Note that the feasibility of
B. pertussis control would be further reduced if we
considered limited eﬃcacy of the vaccine, i.e. partial
susceptibility to B. pertussis despite immunization.
On the other hand, such pessimistic estimates are in
part caused by the simplistic structure of the model :
factors such as spatial structure, age structure or
stochasticity would probably make vaccination
more likely to control infection, but we leave those
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which can only be achieved if the right-hand term is
equal to or less than one, i.e.
R0 Qf

m+s
:
m(1xhv )+s

(5)

When B. pertussis is endemic, B. parapertussis can
spread and persist in the population if :

Persistence of pertussis and parapertussis

vcp =(1x1=R0 )(1+s=m)

considerations for further studies. Nevertheless, our
results highlight the proposition that more consideration should be given to protocols of booster
vaccination if eradication is to be successful.
In the absence of B. pertussis, B. parapertussis can
theoretically be controlled through anti-pertussis
vaccination, depending on the balance between
vaccine eﬃcacy against B. parapertussis hv and
B. parapertussis relative ﬁtness Q. The critical vaccine
coverage is given by :


1
1
c
vpp =
1x
(1+s=m)
(4)
hv
R0 Q

R0 Q >

1
:
m 
1xv(hv xhp )
1+hp (1=R0 x1)+ s+m

(6)

The dependence on v of the right-hand expression
shows that anti-pertussis vaccination can hinder the
spread of B. parapertussis only if the vaccine confers
more cross-protection than natural infection with
B. pertussis (hv>hp).
When B. parapertussis is endemic, the condition
for B. pertussis invasion cannot be expressed algebraically. Numerical analysis shows that, with high
enough values of Q (i.e. the ﬁtness of B. parapertussis
being comparable to B. pertussis), B. parapertussis
can stop B. pertussis from invading in the presence
of anti-pertussis vaccination (Fig. 2).
Coexistence is possible when both pathogens can
invade each other’s endemic equilibrium. This can
be checked numerically by calculating the eigenvalues of the jacobian matrix of system (1).
Fig. 2 illustrates the eﬀects of the key parameters
of the model on the persistence of the two pathogens.
There are wide areas of realistic parameter values
that allow for the coexistence of B. pertussis and
B. parapertussis. One of the main predictions is that,
in the presence of anti-pertussis vaccination, the
advantage to B. parapertussis conferred by immune
evasion must be balanced by a ﬁtness cost (modelled
here as lower infectivity) – otherwise B. pertussis
would be eliminated in the face of the asymmetric
immunity. The only condition that allows coexistence without such a cost to B. parapertussis is a
combination of low anti-pertussis vaccine coverage
and short-lasting immunity. Surprisingly, the scope
of B. parapertussis immune evasion (measured by
hp and hv compared to hpp) has limited impact on
coexistence. These parameters aﬀect only the relative
ﬁtness of each pathogen, which depends on the
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Fig. 2. Stable equilibria (B. pertussis [P] only, B. parapertussis [PP] only, or coexistence) for diﬀerent ranges of
parameter values (see axes legends). Default values for the three panels : lifespan 1/m=70 years, infectious period
1/c=21 days, immune period 1/s=50 years, R0=(1/4.5+s)/(m+s)B7.1 with default values (but note that R0 varies
with s in panel A), vaccine coverage v=0.8, B. pertussis-induced cross-protection hp=hv=0.2, B. parapertussis-induced
cross-protection hpp=0.9.

prevalence of its competitor. As we will show next,
the eﬀect of cross-immunity parameters is most
visible on relative prevalences. We emphasize the
fact that the criterion for persistence considered
here is based on a deterministic model with an inﬁnite population size. In a stochastic model with a
ﬁnite population size, persistence would critically
depend on variations in prevalence.

the threshold vaccine coverage veq (above which
B. parapertussis dominates) is relatively insensitive
to vaccine induced cross-protection hv. In other
words, for a given vaccine coverage, the ratio of
B. pertussis to B. parapertussis incidence would not
be much aﬀected by a drop in vaccine eﬃcacy against
B. parapertussis.
Endemic dynamics

Relative prevalence
Under the scenario of stable coexistence of B. pertussis and B. parapertussis, we estimated their relative
prevalences at the endemic equilibrium and assessed
the eﬀect of anti-pertussis vaccination. Broadly
speaking, increasing the vaccine coverage reduces
B. pertussis but not B. parapertussis prevalence, thus
giving the latter a relative competitive advantage
(Fig. 3A). We then investigated in more detail
how vaccination aﬀects the absolute and relative
incidence of B. parapertussis. A key factor is the
cross-protection conferred by vaccination hv compared to that conferred by primary infection with
B. pertussis hp. Only if the two parameters are
signiﬁcantly diﬀerent can vaccination modify the
absolute prevalence of B. parapertussis (Fig. 3B). As
mentioned in the introduction, the relative prevalence of B. pertussis and B. parapertussis has been
the subject of much debate, notably because of
diﬀerences in rates of reporting. As illustrated on
Fig. 3A, it is possible to estimate, for a given set of
parameter values, a theoretical vaccine coverage veq
that results in equal prevalences of the two infections.
The sensitivity of that threshold to B. parapertussis
parameters is shown on Fig. 3C and 3D. The relative
ﬁtness of B. parapertussis and its ability to evade
B. pertussis-speciﬁc immunity are naturally very
important factors determining the ratio of B. pertussis
to B. parapertussis. Typically, a ﬁtness cost for
B. parapertussis of at least 40 % (i.e. Q<0.6) is needed
to allow the dominance of B. pertussis. Interestingly,
if infection-induced cross-immunity hp is ﬁxed,
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Although the study of equilibrium states can help
predict the long-term eﬀects of changes in vaccine
coverage or eﬃcacy, they ignore transient dynamics
of potentially great importance (Rohani, Keeling
and Grenfell, 2002 ; Restif and Grenfell, 2007). We
performed numerical integration of system (1) using
various sets of parameter values (Fig. 4). Simulations
were started at the coexistence endemic equilibrium
in the absence of vaccine, and vaccine coverage
was increased linearly over 20 years up to a given
value. In the years that follow the initiation of the
vaccination campaign, B. pertussis tends to exhibit
a pattern previously described as the ‘ honeymoon
period ’ (McLean, 1995) : prevalence drops to low
levels, followed by a series of small outbreaks which
converge towards a steady state. This pattern is
ampliﬁed by the presence of B. parapertussis, but
is attenuated if immunity is not life-long (Fig. 4).
The increase in B. pertussis prevalence after stabilisation of vaccine coverage can be understood by
tracking the dynamics of the whole system. Following the drop in B. pertussis prevalence caused by
vaccination, the number of individuals immune to
B. parapertussis only (Rpp) increases and eventually
boosts the number of secondary infections with
B. pertussis (Fig. 5). The increase is therefore weaker
when immunity is shorter-lived, as this depletes the
pool of individuals susceptible to B. pertussis only
(Rpp).
In contrast, B. parapertussis shows only small
perturbations during the same period. As documented by Lautrop (1971), the oscillations of the two
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Fig. 3. (A) Prevalence at steady state of B. pertussis (solid line) and B. parapertussis (dashed line) against vaccine
coverage ; the vertical dotted line shows the position of veq, the vaccine coverage that results in equal prevalences of the
two pathogens (numerical values as in Figure 2, and Q=0.3). (B) B. parapertussis prevalence at steady state (shades of
grey ; numbers on isoclines are prevalence per 10 000) against vaccine cross-protection hv (horizontal scale) and vaccine
coverage v (vertical scale) ; the vertical dashed line shows the position of hp (numerical values as in Fig. 2, except
hp=0.5). (C) Vaccine threshold veq (above which B. parapertussis prevalence is higher than that of B. pertussis) against
B. pertussis-induced cross-protection hp=hv for diﬀerent values of B. parapertussis ﬁtness Q. (D) As in (C), except that
hp is set to 0.5.

pathogens are out of phase (i.e. B. parapertussis peaks
coincide with B. pertussis troughs). Only if vaccineinduced cross-protection is weaker than the protection caused by B. pertussis infection (i.e. hv<hp), do
we predict higher peaks of B. parapertussis when
vaccine coverage reaches its plateau (year 20 on
Fig. 4C). However, the perturbations of B. parapertussis dynamics do not mirror those of B. pertussis
unless we assume symmetric cross-protection
from infection (hp=hpp) and weaker vaccine crossprotection (hv<hp) (Fig. 4D).

DISCUSSION

In this paper we have investigated the coexistence
of two related pathogens in a host population.
Because of cross-immunity, they are in competition
for access to hosts and they use diﬀerent strategies
to cope: evade cross-immunity (and gain access to
a wider pool of hosts) or invest in higher infectivity
(and cause more cases among naı̈ve hosts). We used
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fresh experimental results to apply this model to the
dynamics of Bordetella pertussis and B. parapertussis.
Beyond this speciﬁc example, our work highlights
promising trends in the ﬁeld of infectious diseases
dynamics of co-circulating strains.
Parapertussis dynamics
The basis for this study was the recent ﬁnding that
B. parapertussis can colonise mice immunized against
B. pertussis, whereas immunisation with B. parapertussis is protective against both pathogens (Wolfe
et al. 2007). This was unexpected as it implies a
strong competitive advantage to B. parapertussis, at
odds with the general view that B. pertussis is much
more prevalent than its relative in human populations. We therefore explored the additional
assumption that B. parapertussis may pay a cost,
through reduced infectivity. Given the lack of conclusive data on the relative ﬁtness of the two pathogens, we allowed for extensive variations in the cost
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Fig. 4. Dynamics of B. pertussis (solid black line) and B. parapertussis prevalence (black dashed line), plotted together
with B. pertussis prevalence (grey line) in the absence of B. parapertussis. Initially, the system is at equilibrium
without vaccination. Vaccine coverage increases linearly from v=0 at time 0 to v=0.75 (panels A and B) or to v=0.95
(panels C and D) at time 20 years; then v remains constant. Numerical values : 1/m=70 years, 1/c=21 days, hpp=0.8,
R0=(1/4.5+s)/(m+s) (so R 0B15.6 in panel A and 7.1 elsewhere) ; (A) s=0, Q=0.3, hp=hv=0.3; (B) s=0.02 yearsx1,
Q=0.3, hp=hv=0.3; (C) s=0.02 yearsx1, Q=0.5, hp=0.3, hv=0.1; (D) s=0.02 yearsx1, Q=0.5, hp=0.8, hv=0.3.

Fig. 5. Dynamics of primary cases of B. pertussis Ip1
(black solid line), secondary cases of B. pertussis Ip2
(dashed black line) and individuals immune to
B. parapertussis only after primary infection Rpp (dotted
grey line). Same conditions as in Fig. 4A.

paid by B. parapertussis. Depending on the trade-oﬀ
between ﬁtness and immune evasion, our model
predicts the conditions for coexistence. As illustrated
on Fig. 2, we found that B. parapertussis relative
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ﬁtness (Q) was one of the main determinants of
coexistence. Cross-protection parameters had limited eﬀects on the ability of either pathogen to invade
but had substantial eﬀects on relative prevalence
(Figs 3 and 4). Such variations in prevalence can
actually make the diﬀerence between persistence and
extinction in a population with ﬁnite size. Although
detailed quantitative investigations are beyond the
scope of this study, we expect the precise eﬀects
of asymmetric cross-protection on pertussis and
parapertussis dynamics to vary locally with population size and structure. Regarding our assumption
of ﬁtness reduction, it is of course possible to imagine
other possible sources of competitive advantage
for B. pertussis, such as preferential access to certain categories of hosts (based on age or immunocompetence for example) or spatial spread (based on
diﬀerential persistence in given environments for
example) ; but these assumptions remain speculative
in the absence of any empirical support.
Anti-pertussis vaccination gives a further advantage to B. parapertussis because of weak crossprotection. Our main conclusion regarding
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immunisation is that, because of the asymmetry in
cross-immunity, the introduction of anti-pertussis
vaccination should have little eﬀect on the absolute
prevalence of B. parapertussis, while that of B. pertussis should drop. Should the vaccine be more or
less cross-protective than B. pertussis infection, then
the prevalence of B. parapertussis would slightly
decrease or increase. But unless we ignore asymmetric cross-immunity (Fig. 4D), we do not expect
a major rise of B. parapertussis following antipertussis vaccination. Despite the limited information available on B. parapertussis incidence, two
studies appear to corroborate our qualitative insights. First, Lautrop (1971) reported a decrease in
the incidences of both B. pertussis and B. parapertussis in the ten years that followed the start of
mass vaccination in 1959 in Denmark. Interestingly,
because he expected the vaccine to confer no
cross-protection, he stated that ‘‘ the reduced size
of the B. parapertussis peaks after 1958–59 poses
a problem. ’’ More recently, following the reintroduction of anti-pertussis vaccination in Germany
in 1994, Liese et al. (2003) observed a drop in
B. pertussis incidence (from 21.7 per 1000 personyears during 1993–95 to 4.8 per 1000 person-years
during 1997–99) together with a slight increase in
B. parapertussis (from 1.6 per 1000 person-years
in 1993–95 to 2.8 per 1000 person-years in 1997–
99). Although the latter two studies are diﬃcult
to compare due to the diﬀerent methods used,
the contrasted trends in B. parapertussis incidence
in the two countries might have been caused by
diﬀerences in cross-protection conferred by whole
cell B. pertussis (in the Danish study) and acellular
vaccine (in the German study). However, it is
also conceivable that the drop in Danish B. parapertussis could be coincident due to concurrent
secular decreases in birth rates, as discussed for
measles by Earn et al. (2000). Clearly, more longitudinal surveys would be needed to assess the actual
incidence of B. parapertussis and its response to
vaccination.
Asymmetric cross-immunity
Cross-immunity between strains of pathogens has
received particular attention in the context of vaccine
development. Indeed, the emergence of antigenic
variants that can infect immunized hosts threatens
the eﬃcacy of existing vaccines – e.g. human inﬂuenza A (Ferguson et al. 2003) or equine inﬂuenza
(Grenfell et al. 2004) – as well as the development
of new ones – e.g. HIV (McMichael, Mwau and
Hanke, 2002) or malaria (Genton et al. 2002). These
concerns have motivated a growing literature on
mathematical models for antigenically diverse
pathogens in the presence of a vaccine (McLean,
1995 ; Gupta, Ferguson and Anderson, 1997 ;
Lipsitch, 1997 ; White et al. 1998 ; Wilson, Nokes
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and Carman, 1999 ; Park et al. 2004 ; Zhang, Auranen
and Eichner, 2004 ; Elbasha and Galvani, 2005 ;
Gandon and Day, 2007 ; Restif and Grenfell, 2007).
In all of these studies, the main argument is the
emergence of a variant strain favoured by a vaccine
targeting speciﬁcally an endemic strain, because of
imperfect cross-immunity. Although we used a
diﬀerent framework in which the two pathogens
coexist before the vaccine is introduced, the mechanisms at stake are the same. In some cases, the
variant strain has a lower ﬁtness than the resident
strain, so that it can only spread if vaccine speciﬁcity
outweighs this cost. With the exception of White
et al. (1998), who brieﬂy mention this scenario,
asymmetric cross-immunity in the absence of vaccine has not been considered (see Lipsitch et al.
2000 for asymmetric interactions between Streptococcus pneumoniae strains in the presence of vaccination). The reasons for this lack of interest are
twofold. First, conceptually, asymmetric crossimmunity as considered in this study gives a further
advantage to the strain not targeted by the vaccine – combining two beneﬁts may not appeal to
modellers unless they have a good reason to do so.
This leads to the second reason : the lack of empirical
evidence. As far as we know, the Bordetella case is a
ﬁrst. It will be interesting to learn if it is an exception,
or whether, perhaps, the absence of other cases is due
to a lack of investigation.
A recent analytical tool for multi-strain pathogens – antigenic cartography – may provide broader
insights into the generality of asymmetric crossimmunity (Smith et al. 2004). Based on haemagglutination assay tables, this technique provides a
graphical representation of virus isolates and immune
sera in the ‘ antigenic space ’. The distance between
a strain and a serum in that space indicates the
ability of antibodies to bind virus particles. It is then
possible to deduce an ‘ antigenic distance ’ between
two viral strains based on their respective distances
to a given set of sera. Conceptually, this is similar to
the antigenic spaces used in mathematical models
for multiple strain dynamics (e.g. Gog and Swinton,
2002 ; Gomes, Medley and Nokes, 2002), except
for their lack of explicit consideration of serology.
If cross-immunity between two strains is described
by a distance between these two strains, then symmetry is essentially assumed. However, if crossimmunity is described, more accurately, as the
cross-reaction between strains and sera, then the
signiﬁcance of any asymmetries can be fully explored. The antigenic map of human inﬂuenza A
produced by Smith et al. (2004) in Fig. S3, which
shows the respective locations of virus strains and
their immune sera, suggests that asymmetric crossimmunity is common. Including empirical antigenic
spaces in mathematical models would certainly be
challenging but it may lead to a better understanding
of multiple strain dynamics.
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in vivo, are only intended to help understand speciﬁc
aspects of complex systems, and therefore the predictions they produce are always uncertain to some
extent. The way forward is then to set up a dialogue
between these diﬀerent approaches, through which
theoretical predictions can be tested in the lab and
experimental results can help reﬁne mathematical
models.
In this paper, we have extrapolated the results
of experiments on individual mice, to predict epidemiological consequences at the level of human
populations. In building the model, we had to
decide how measured reductions in bacterial colonisation should be translated in terms of susceptibility and infectiousness of individuals in a
population. We explored one possible scenario
which oﬀers the advantage of an easy and ﬂexible
integration into well-studied mathematical frameworks. Further experimental work will obviously
be needed to reconcile within- and between-host
dynamics. Neither the murine model nor the
simple theoretical framework used here can faithfully reproduce the complex mechanisms of
B. pertussis and B. parapertussis infection dynamics
in a real population. As suggested by the scarce
data published on B. parapertussis, a detailed survey
of the actual epidemiology of the pathogen would
be diﬃcult and expensive – though, we believe, very
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some of the processes at stake, and oﬀer new keys
to interpret empirical observations. We are conﬁdent that further research initiated by this work
will enable us to improve our models and make
more accurate predictions on the circulation of
these pathogens.
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APPENDIX

Mean age at ﬁrst infection in a model with
waning immunity
We consider a simple extension of the SIR model
with a fourth compartment Sw for people becoming
susceptible after losing their immunity. At steady
state, the age structure in the population is described
by the following system of equations (based on
Anderson and May, 1991) :
8
dS=da=x(L+m)S
>
>
>
<
dI=da=L(S+Sw )x(m+c)I
> dR=da=cIx(m+s)R
>
>
:
dSw =da=sRx(L+m)Sw
where
R 1a represents age as a continuous variable,
L= 0 bI(a)da is the force of infection and the
other parameters (which we assume to be ageindependent) are as deﬁned in Table 1. The agedistribution of naı̈ve individuals therefore follows :
S(a)=exp[x(L+m)a]. Following Anderson and
May (1991), we then express the mean age at ﬁrst
expression A as the ﬁrst moment of the LS(a)
distribution:
R1
aLS(a)da
1
A= R0 1
=
L+m
LS(a)da
0
Relation between R0 and mean age at ﬁrst infection
In our model the basic reproduction number is
given by R0=b/(m+c), while the mean age at ﬁrst
infection in a model with age-independent death rate
is given by
A=

1
bI*+m

where I* is the proportion infected at the endemic
equilibrium:


m+s
1
1x
I*=
:
c+m+s
R0
We combined those three equations to obtain, after
some algebra:
R0 =

Acs+c+m+s
A(c+m)(m+s)
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For pertussis c>>(m, s,1/A), hence, by rewriting :
R0 =

1=A+s
1
+
,
(m+s)(1+m=c) Ac(1+m=c)

The condition v>vppp can also be written in terms
of B. parapertussis ﬁtness as :

we ﬁnally obtain :
R0 

which leads to the following threshold:


1
1xQhp
p
vpp =
1xhp x
(1+s=m):
hv xhp
R0 Q

1=A+s
:
m+s

R0 Q>

1



m
1xv hv xhp
1+hp (1=R0 x1)+ s+m

Vaccine thresholds
The critical vaccine coverage is deﬁned for each
disease as the minimum coverage preventing the invasion or persistence of infection. Its expression can
be obtained either by setting the steady state fraction
of infected individuals (endemic equilibrium) to zero
or by setting the invasion rate of infection from the
disease-free steady state to zero, and solving for the
vaccine coverage v. Both methods are equivalent and
we shall use the latter.
For pertussis alone, the rate of invasion from
disease-free state (Ŝ, V̂) is given by :
1 dLp
1
m
1
x :
=Ŝx =1xv
Lp dt
R0
m+s R0
Hence the corresponding critical vaccine coverage :
vcp =(1x1=R0 )(1+s=m):
For parapertussis alone, the rate of invasion from
disease-free state (Ŝ, V̂ ) is given by :
1 dLpp
1
=QŜ+Qð1xhv ÞV̂x
Lpp dt
R0


m
=Q 1xv
+Qð1xhv Þ
m+s
m
1
x
rv
m+s R0
Hence the corresponding critical vaccine coverage :


1
1
1x
vcpp =
(1+s=m):
hv
R0 Q
Last, the vaccine threshold that prevents the
spread of parapertussis in the presence of pertussis is
obtained by setting to zero the following invasion rate
of parapertussis from the pertussis-endemic steady
state (S*, V*, Ip*, Rp*) :
1 dLpp
=QS*+Q(1xhv )V*
Lpp dt
+Q(1xhpp )(Ip *+Rp *)x
=

1
R0

Q
m
+Q(1xhpp )
+Q(1xhv )v
R0
m+s


1
m
1
r 1x xv
x
R0
m+s
R0

http://journals.cambridge.org

Downloaded: 16 Dec 2008

REFERENCES

Anderson, R. M. and May, R. M. (1982). Directly
transmitted infectious diseases : control by vaccination.
Science 215, 1053–1061.
Anderson, R. M. and May, R. M. (1991). Infectious
Diseases of Humans, Oxford University Press, Oxford.
Bergfors, E., Trollfors, B., Taranger, J., Lagergard, T.,
Sundh, V. and Zackrisson, G. (1999). Parapertussis
and pertussis : diﬀerences and similarities in incidence,
clinical course, and antibody responses. International
Journal of Infectious Diseases 3, 140–146.
Broutin, H., Rohani, P., Guégan, J.-F., Grenfell, B. T.
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